Let G be a nitely presented group. This paper describes the theory and practice of a method for obtaining information about the nite and abelian-by-nite quotients of G, which often allows computation further down into the group than has been possible by more traditional methods.
Introduction
When attempting to compute nite quotients of a nitely presented group G, it is generally the case that the larger the quotient, the more di cult is the computation. In particular, if a nite quotient G=N is known already, then the di culty of nding abelian-by-nite quotients G=N 0 with N 0 N and N=N 0 abelian increases with the order of G=N.
We have recently developed a method of computing such quotients, which appears to increase the range of values of jG=Nj for which such computations are practical. It works when G=N has a non-cyclic abelian normal subgroup M=N and the idea, roughly, is to divide-and-conquer the problem by performing the required calculations with the smaller factor groups G=K, where N K M and G=K is cyclic.
This method is described in detail in the nal section of the paper. Our other objective is to discuss some of the functionality of the software package quotpic, which was designed and written by the authors for computing various types of quotients of nitely presented groups G. In particular, it now includes a convenient implementation of the new abelian-by-nite quotient algorithm.
There is an earlier paper ( Holt & Rees 1991] ) on quotpic, which is now somewhat out-of-date, so this a convenient opportunity to rectify that anomaly, and to indicate the directions in which the program has developed. quotpic is an interactive graphics display program which takes a nite presentation of a xed group G as input. Its basic function is to construct quotients of G and to display the output graphically as a lattice on a screen.
Each vertex of the lattice corresponds to a normal subgroup of nite index in G. A click on a vertex opens a menu from which the user can select functions to build the lattice downwards below the selected normal subgroup. The article Holt & Rees 1991] still gives a reasonable account of the basic principles of the program. A number of changes were already proposed in Section 5 of that paper, and all of those were implemented; in addition there are other new features.
The reader who wants more technical details about the graphical interface to quotpic should refer either to Holt & Rees 1991] or (better) to quotpic itself, since it is the sort of program that is most easily learnt by practice. We shall concentrate here on its mathematical capabilities, particularly on the more recent developments. In Section 2 we give an overview of these capabilities, and indicate the directions in which the program has developed. Sections 3 and 4 then describe two new facilities that can be applied whenever normal subgroups N and M of G have been found such that M=N is an abelian p-group for some prime p. Section 3 explains in some theoretical detail an algorithm to nd the conjugacy classes of complements of M=N in G=N (if any) , in the case when M=N is elementary. The theory and practice of the method mentioned above of nding abelian quotients of N using the cyclic quotients of M=N is discussed in detail in Section 4. Sections 3 and 4 also contain examples of applications of these new features to actual group theoretical problems.
The program is available by anonymous ftp from ftp.maths.warwick.ac.uk in the directory people/dfh/isom_quotpic or ftp.ncl.ac.uk in the directory pub/local/nser, or from http://www.maths.warwick.ac.uk/~dfh. We are very happy to receive bug reports, suggestions for improvements, and other enquiries.
An updated overview of quotpic
The underlying idea in quotpic is to apply algorithms to the input group G that compute subgroups of nite index in G, and then to nd presentations of these subgroups using the Reidemeister-Schreier method, so that the same algorithms can be applied to the subgroups, thereby calculating further subgroups of larger index. These algorithms include searching for epimorphisms onto xed nite groups, and searching for all subgroups up to a given index, together with abelian, nilpotent, soluble and p-group quotient algorithms. The code for some of them has been imported from elsewhere (see below for references).
Such computations can be done equally e ciently (and no doubt more efciently in some cases) in a number of group theory packages, including GAP ( Sch onert et. al. 1992] ) and MAGMA ( Bosma & Cannon 1993] ). There are however two big advantages in using quotpic. The rst is its graphical interface, which enables the user to have an immediate overview of the current state of the calculations; this alone often makes quotpic faster and easier to use in practice than a command-line based package. The second is that quotpic maintains information internally about the embedding of the subgroups H in G (for example the conjugation action of G on H when H is normal), which enables it to perform some calculations that would be very cumbersome to do in a di erent system. An example of this is the use of the Aachen implementation of the Meataxe algorithm ( Lux, M uller and Ringe 1994] ) to nd all normal subgroups of G that lie within a maximal elementary abelian layer M=N of G.
quotpic is designed as a program which functions at two levels. The graph-ics are organised at one level; the algorithms are run by UNIX system calls to C programs, and information is passed between those programs using les. Since the beginning of quotpic, this design has made it easy for us to incorporate implementations from elsewhere; thus quotpic provides convenient access to some of the best implementations of group theory algorithms currently available in the world. Since Holt & Rees 1991] , the number of imported algorithms has increased; as planned at that time (and listed in Section 5 of that paper), we have included Sch onert's implementation of the low index subgroup algorithm, O'Brien's implementation of the ANU p-quotient algorithm and Nickel's implementation of the nilpotent quotient algorithm. In addition we have added access to Havas' Todd-Coxeter coset enumerator ( Cannon et. al. 1973] ) and Br uckner's implementation of Plesken's modular soluble quotient algorithm ( Br uckner 1997 , Plesken 1987 ). Each of these facilities can be applied to any subgroup H of G for which a presentation has been calculated. We are very grateful to the authors of these imported programs for their cooperation in helping us to integrate their programs into quotpic.
The original version of quotpic, as the name suggests, concentrated very much on the construction of the lattice of normal subgroups. Although the displayed vertices continue to correspond to normal subgroups of the input group G, the available functions can now be applied, in principal, to any subgroup H that has been found. Each such H is associated with a displayed vertex corresponding to its core K in G, and H is accessed via that vertex.
As it has always done, quotpic stores its information on subgroups by the construction of nite permutation representations of G. Each such representation is associated with one speci c vertex, which corresponds to the kernel K of this permutation representation in G. The representation may be transitive or intransitive, but a transitive one should be thought of as representing the subgroup which is the stabiliser H in G of a xed point (i.e. the point numbered 1) in the representation. Thus K H, and K is indeed the core of H in G.
This permutation representation is precisely the input that is required for the Reidemeister-Schreier algorithm to compute a presentation of H. Most of the available functions can only be applied to H after this presentation has been computed, and quotpic does this automatically as soon as it is required.
The permutation representation corresponding to K itself is the regular permutation representation of G=K. This is calculated routinely whenever jG=Kj is su ciently small, and its presence is indicated to the user by the corresponding displayed vertex being green and circular. A yellow triangular vertex indicates that this regular representation is not stored, but there are some permutation representations associated with this vertex. The main menu obtained by clicking on the vertex lists the operations available that can be applied to K. The non-regular transitive permutation representations associated with the vertex represent non-normal subgroups H of G for which K is the core of H in G. To perform operations on H, the user clicks on the vertex corresponding to K and then selects the`non-normal subgroups' option. The required subgroup H can then be selected by scrolling through the list of all such subgroups, and then ( nally) a menu displaying the available operations on H appears. Any transitive permutation representation of H that is computed as a result of computations on H is automatically lifted to the transitive representation of G with the same stabiliser, provided that its degree is not too large. This may result in the display of a new (circular or triangular) vertex corresponding to the core of this stabiliser in G. Of course, the core may already have been computed earlier as a result of some other calculation. If the index is not too large, then quotpic automatically checks to see if this is the case, by comparing the new core with all other known normal subgroups of the same index. If the index is large, then this is not done routinely, but the user can force the comparison of two apparently distinct normal subgroups of the same index by computing their intersection; if they turn out to be equal, then their corresponding vertices will be identi ed, and all known information about them amalgamated.
In Sections 3 and 4 below, we describe in some detail two particular new features of quotpic, together with some examples of their application. These depend on the use of the Reidemeister-Schreier subgroup presentation algorithm applied to a normal subgroup M of G. From this presentation, it is possible to compute various quotients of M and, in particular, for a given prime p, the largest elementary abelian p-quotient M=N of M. We can regard M=N as a vector space, with some xed basis B, over GF(p) To nd extra relators for the quotient, we use the standard algorithm based on guessing relators and eventually using Todd-Coxeter coset enumeration to verify that we have enough to de ne G=M as an abstract group. This was rst described in Cannon 1973] . As mentioned at the end of the previous section, the Reidemeister-Schreier process for the subgroup M of G can be used to calculate the required matrices M i . The values u j in M=N of the extra relators r j (n + 1 j n 0 ) for G=M can also be calculated by Reidemeister-Schreier rewriting. Since the r j for j n are relators of G, we put u j to be the zero element of V for 1 j n. From now on, we do not need to distinguish between the two sets of relators.
A complement of M=N in G=N, as a transversal for M=N in G=N, must be generated by elements x i v i (1 i m) for suitable v i 2 M=N. For any choice of words v i , the group H=N = hx i v i i has the property that H=N:M=N = G=N, and hence jH=Nj jG=Nj=jM=Nj. Now H=N is a complement provided that jH=Nj = jG=Nj=jM=Nj = jG=Mj; so it is enough to check that jH=Nj is a homomorphic image of (and hence no larger than) jG=Mj.
Suppose that, for 1 j n 0 , the word r j has length l j and is equal to x " j;1 j;1 x " j;2 j;2 : : : x " j;l j j;l j , where each " j;k is equal to 1. Then the above discussion shows that the elements x i v i generate a complement if and only if the elements y j := (x j;1 v j;1 ) " j;1 (x j;2 v j;2 ) " j;2 : : : (x j;l j v j;l j ) " j;l j lie in N for all 1 j n 0 . By collecting the generators x i to the left, we nd that y j = u j w j , where w j = v y j;1 j;1 v y j;2 j;2 : : : v y j;l j j;l j and, for 1 k l j , the conjugating element y j;k is equal to x 
Example
In 4 Using maximal subgroups of elementary abelian sections
Theory
The facility to be described in this section is quite a simple one, but when combined with some theoretical results, it can be used to obtain information about larger quotients of G than would be possible by direct computation. not too large, it can then compute the permutation representations of G on the cosets of the subgroups K i . As usual, the kernels of these representations (which are the cores of the K i in G) will be plotted, either as triangular or circular vertices, depending on their index in G. These will lie between M and L, and some of them may be equal to M. (Note that the vertices corresponding to normal subgroups between M and L can also be obtained by quotpic using the Meataxe option, but in that case, when their index is too large, they will have no associated stored permutation representation.)
The point of the above is to enable us to obtain information about the abelian quotients of M, by carrying out calculations on the subgroups K i rather than on M itself. Since the index jG : K i j = pjG=Lj is in general smaller than jG : Mj = p d jG=Lj, this has the e ect of extending the e ective range of quotpic. We shall now describe the related theory which enables us to obtain this information. Proof: Since X=Y is nite abelian it is a direct product of cyclic groups, so W Y . Suppose W 6 = 1. Clearly W X, so we can choose a nontrivial minimal normal subgroup V of X with V W. Now V corresponds to an irreducible representation over GF(q) of the the abelian group X=Y , and so by the standard representation theory of abelian groups, X=C X (V ) must be cyclic. Thus C X (V ) is one of the subgroups Z de ned in the lemma, and so V O The most straightforward applications of these results using quotpic arise when X=Y is elementary abelian, in which case the subgroups Z are just those of index p in X.
Let G be a nitely presented group, and let L; M; N be normal subgroups of G with N M L, where L=M is an elementary abelian p-group and M=N an elementary abelian q-group, for distinct primes p and q. Let These results are most useful in cases where quotpic would have di culty in computing G=N directly, because the index jG : Mj is too large. Assuming that the index jG : K i j is not too large, then by using the facility described at the beginning of this section, quotpic can compute the subgroups K i and the orders of the quotients K i =O el(q) (K i ). If these should happen to be all trivial, then we can immediately conclude from the corollary that N = M.
If the quotients themselves are not too large, then we can also compute the permutation representations of G on the cosets of the subgroups O el(q) (K i ). The kernels of these representations will then be plotted by quotpic. By the lemma, N can then be found as the intersection of these kernels, and an (intransitive) faithful permutation representation of G=N will be stored, so the order of G=N can also be calculated.
By allowing the prime q to vary, we get the following useful result about in nite abelian quotients of M. (ii) Let q 6 = p be a prime. If none of the K i has a nite abelian invariant divisible by q, then neither does M.
Proof: (i) If M has an in nite abelian quotient, then it has a nontrivial elementary abelian q-quotient for all primes q. It follows from Corollary 4.4 that at least one of the subgroups K i has nontrivial elementary abelian qquotients for in nitely many primes q, which implies that it has an in nite abelian quotient. The index in G of the subgroups K i is 11 232, which is moderately large for an abelian quotient computation, but this turns out to be a very straightforward example, and in fact the computation of K i = K i ; K i ] took only about 10 seconds cpu-time for each K i .
The Heineken group
We carried out a somewhat similar, but much longer computation starting with the example G = h x; y; z j x; x; y]] = z; y; y; z]] = x; z; z; x]] = y i;
proposed by Heineken several years ago as a possible candidate for a nite group with a balanced cyclic presentation. In fact, we were able to show recently that it is in nite by proving it automatic, and explicitly computing its word acceptor Holt & Hurt 1997] For these, they were unable to prove niteness, but could show easily, using the nilpotent quotient algorithm, that the largest nilpotent quotients of all four groups have order 3 8 . We have been able to prove, using the methods of this section, that the largest soluble quotient of each of these groups also has order 3 8 . The direct calculation, using Reidemeister-Schreier and integral matrix diagonalisation on the kernels of the maps onto the quotients of order 3 8 , seems too di cult. However, H. Br uckner was also able to carry out this computation using his implementation of the Plesken soluble quotient algorithm Br uckner 1997 , Plesken 1987 ]; as we have already mentioned, this implementation is now available within quotpic. That the computation is possible using Plesken's algortihm is not really surprising, because our method could be regarded as a cruder version of Plesken's method that works in a more general situation (not just for soluble greoups).
By using Corollary 4.4 as in the previous examples, it is possible to reduce the computation to the calculation of the abelian quotients of a number of subgroups of index 3 6 . However, even that is very di cult for integral matrix diagonalisation, and we were unable to complete the calculation in the fourth example. By using Proposition 4.1 in a situation where X=Y is abelian but not elementary abelian, we were able to reduce the problem to the calculation of abelian quotients of 12 subgroups of index 3 5 and 9 subgroups of index 3 4 in each group. These calculations were carried out successfully for all groups. As expected, all such abelian quotients were 3-groups, thereby proving the desired result.
To be more precise, in each of the four examples, we take X to be the commutator subgroup G; G] of the group G de ned by the presentation, and Y to be X; X]. Then Y has index 3 8 in G (and is therefore the kernel onto the largest nilpotent quotient of G), and X=Y is abelian, with invariants 3; 9; 9. So it su ces to compute the abelian invariants of all subgroups Z of X for which X=Z is a maximal cyclic quotient of order 3 or 9. To locate the appropriate subgroups Z, we start by calculating the largest elementary abelian 3-quotients of each of the 13 subgroups W of index 3 in X. Then four of these quotients have order 3 3 , and the remaining nine have order 3 2 . Those with order 3 2 are precisely those for which W=Y is a direct product of two cyclic groups of order 9, and so they are the ones for which X=W is a maximal cyclic quotient of X of order 3. We therefore need to calculate their abelian invariants, which is easy. On the other hand, the subgroups Z for which X=Z is cyclic of order 9 are all contained as subgroups of index 3 in one of the four groups W for which W=O el(3) (W ) has order 3 3 . We can therefore use quotpic to calculate the orbit representatives of the conjugation action of G on the subgroups of index 3 in W, and for each W we nd that there are three orbit representatives of subgroups Z for which X=Z is cyclic. This produces a total of 12 subgroups Z of index 3 5 in G for which we need to calculate the abelian invariants.
